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5.1 Reflective Optics

One way of collecting more light emitted by a single trapped ion is to place the minimum of the trapping
potential at the focus of a parabolic mirror. In this section we analyze the fiber-coupling efficiency of
the dipole radiation from an ion at the focus of such a trap, with its quantization axis along the line of
symmetry.

Prior to reflection, the optical fields of emitted photons associated with the three possible transitions are
given by
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Once the light has reflected and formed a collimated beam, the wavefronts are flat, meaning the exponential
factor will be a constant and can be ignored.

Using polar coordinates shown in Fig. 8, the paraboloid is defined by z(p, f) = "2 — f, and the
distance from the ion to the reflecting surface is then given by (p? + 4f2)/4f. After reﬂectlon light that
was polarized in the 6 direction will have polarization in the —p direction, while the d) polarization is
unchanged. The intensity profile that was only a function of 6 will be mapped to an intensity profile that
only depends on p. The mapping can be found by solving for the distance from the symmetry axis after
reflection as a function of the angle of emission, giving 8 = tan=1[(4fp/(p? — 4f?)].

As shown in Eq. 33, the m = 0 transition will produce a donut mode with radial polarization given by
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which is consistent with the optimal intensity profile for driving a 7 transition derived in [39]. The amount
of light from this mode that will couple into a single mode fiber is given by the mode overlap
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where the quantity p, is the maximum radius of the mirror being used and G = e~ (p/v)? (o + BY) is
the Gaussian mode of the fiber where |a|?> + |3 = 1. Assuming the intensity and polarization of the
Gaussian mode only depend on p, the only dependence of the integrand in the numerator on the angle ¢ is
in the unit vector p, causing the integral to vanish. Therefore, without additional optics, there will be no
transmission of 7 transition light into a fiber aligned with the axis of symmetry.

After reflection, the field for a m = =+1 transition is given by
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The collimated beam has circular polarization in the center, becomes increasingly elliptical going away
from the center until it is azimuthally polarized at a distance of p = 2f, then becomes elliptical again
approaching a polarization orthogonal to the center of the beam. The overlap integral is calculated using

Eq. 35 to give the following coupling efficiency
42 2 442\ |?
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where T'(a, b) is the incomplete Gamma function. This expression shows that the light from the ot tran-
sition coupling to the fiber has left-handed polarization, and the light generated from the o~ transition
coupling to the fiber has right-handed polarization. If we take the limit where the paraboloid has infinite
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Fig. 8 Light collection using an infinite parabolic mirror to reflect the emitted photons. (a) The probability of collect-
ing a photon from a o transition in a single-mode fiber as a function of f/w. (b) The probability of collecting a photon
in a single-mode fiber as a function of the maximum radius of the paraboloid (with an optimal focus) in units of w. (c)
The intensity distributions of 7 and o light after reflected off a parabolic mirror. It clearly shows that the 7 light forms
a “doughnut” mode while the o light more closely resembles distribution of a Gaussian beam.

extent, we can numerically solve for the focus that gives maximum coupling efficiency. Fig. 8 shows the
results of this calculation, which predicts a maximum coupling efficiency near 50%.

This setup may also be used for the logic gate described earlier using frequency qubits. Because the 7
transition light does not couple into the fiber without additional optics, we consider o transitions. In order
to preserve any initial coherence set up in the ion after excitation and emission, we can use the o+ + o~
transitions in the ion. The fields resulting from these transitions are superpositions of Eq. 35. Because
the fiber maps the o transition photons to circularly polarized photons while preserving orthogonality, a
o™ + o~ photon captured by the fiber will have a linear polarization orthogonal to a o+ — o~ photon
captured by the fiber. With this setup, we can still use the 171 Yb™ clock states in the ground state manifold
to hold quantum information, but now we use o light to couple to the mp = +1 Zeeman states in the
?Py /5, F = 1) manifold. Here, the two states |[+£) =[1)+ ||) are coupled to the excited state with
o™ & o~ polarization, respectively. This implies that after excitation and decay the internal state of the
ion will be correlated with both the frequency and polarization of the emitted photon. In order to use the
parabolic mirror for the gate, the polarization information should be erased to allow for the interference
on the beam splitter to occur. The distinguishability between the 0 + ¢~ and 0™ — o™ transitions can
be erased with a linear polarizer oriented to block & + ¢. Assuming perfect coupling into the fiber, the
probability to see a coincidence is now given by ~ pp(n3 4 5)?, where the three factors of 1/2 come from
maximum coupling efficiency, Clebsch-Gordan coefficients, and the polarization erasure.

5.2 Optical Cavity

Another method to increase light collection is to surround the ion with an optical cavity [48—50]. The
field mode modifications imposed by the mirrors change the spontaneous emission of the ion such that it
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preferentially emits into the cavity mode, depending on the coupling parameters. This phenomenon is the
well-known Purcell effect [51].

The dominant ion—cavity coupling parameters are the coherent atom—field coupling, g, the free space
ion spontaneous emission rate, I', and the cavity decay rate, x. These parameters define the cooperativity,
C = ¢g?/kI, which is a measure of the atom-cavity coupling with respect to the dissipative processes. The
atomic spontaneous emission rate is enhanced by a factor proportional to 1 + 2C'. If we assume that the
photon collection efficiency equals the probability of a spontaneously emitted photon emerging from the
outcoupling mirror of the cavity, over experimental time scales, the collection efficiency is given by

T, 2K 2C
pc_ﬁ(mwr) (1+2C>' 37)

The first factor, 7;/L is the fraction of light that is transmitted by the outcoupling mirror, 7}, to the total
losses of the cavity £. The second factor relates the rate photons leave the cavity to the rate they leave the
ion—cavity system. The third factor is the fraction of light scattered into the cavity mode. The “bad cavity”
regime can be intuitively envisioned as providing enough atom—cavity coupling to transfer the excitation
from the atom into an entangled atom—photon pair. This photon then leaves the cavity faster than the time
it takes to be reabsorbed by the atom and emitted into unwanted side modes.

An optical cavity can be used for all the protocols discussed in Sec. 2. Number qubits can be realized
with the coherent transfer of an excitation from the atom to a single mode of the cavity [38, 50, 52]. Polar-
ization qubits can be realized with a cavity coupling to Zeeman levels of atoms lying inside the linewidth of
the cavity [53]. Frequency qubits would need both frequency modes resonant with the cavity. A difficulty
with realizing frequency qubits is the dependence of the coherent coupling strength, g on the mode volume.
In order to ensure that w, — w,. is an integral multiple of the free spectral range it may be necessary that the
cavity length be large. However, a longer cavity tends to have a larger mode volume, leading to a smaller
coupling strength g. A method to combat this is a near-concentric geometry. In this case, the centers of
curvature of the two mirrors nearly coincide. This leads to an optical mode with an extremely tight focus,
allowing a relatively strong coupling strength g. Time-bin qubits can use the frequency selectivity of the
cavity to ensure that one of the transitions is off-resonant [22]. However, to preserve the coherence, one
must be careful not to excite both levels. That is, the excitation pulse must have a bandwidth much smaller
than the qubit spacing, yet the bandwidth must be greater than the excited state linewidth.

6 Outlook and Conclusions

The quantum network generated by photon-mediated entanglement can be used for quantum communica-
tion and distributed quantum computation. We list some possible applications for such an atom—photon
network.

Loophole-free Bell Inequality Test. Loophole-free Bell inequality tests are of continuing interest for
testing fundamental aspects of quantum mechanics [54]. Bell inequality violation experiments are subject
to two primary loopholes: the detection loophole, and the locality loophole [55,56]. While trapped ions
typically close the detection loophole due to nearly perfect state detection, they have yet to close the locality
loophole. On the other hand, photonic qubits enable the separation required to close the locality loophole,
yet cannot be detected efficiently enough to close the detection loophole. Combining the advantages of
both trapped ion and photons, the photon-mediated entanglement schemes discussed above can generate
an entangled ion pair that could close both loopholes [57]. To close the locality loophole, the remote ions
must to be space-like separated; that is, the ions must be separated greater than the distance light travels in
the time it takes to perform state detection. For example, if the state detection time were 10 ps, then the
ions would need to be separated by 3 km. Since the starting point for a Bell inequality measurement is
the heralding of the remote entanglement, the success probability does not play a role in determining the
separation of the two ions. However, the improvements to the photon collection efficiency, p., can shorten
the state detection time, thus reducing the space separation between two ions.
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Remote Deterministic Quantum Gates and Quantum Repeaters. The photon-mediated entangle-
ment schemes can also be used to build a quantum repeater to transmit quantum information across long
distances [58, 59], as well as to create a deterministic controlled-NOT gate between two non-interacting
ions [10]. An array of ion traps each containing a logic ion and an ancilla ion, as illustrated in Fig. 5(b),
can be used to perform a remote deterministic gate. Here, the logic ions contain quantum information,
while the ancilla ions are used to create a photon-mediated channel whereby a gate can be performed.
These remote deterministic gates are created by four consecutive steps: (1) a probabilistic scheme is ap-
plied to two ancilla ions until their entanglement is heralded; (2) local deterministic controlled-NOT gates
are performed on each logic and ancilla qubit pairs; (3) the ancilla qubits are measured in an appropriate
basis; (4) single qubit rotations on the logic qubits are applied based on the results from the measure-
ments of ancilla ions. The expected number of attempts for a successful entanglement of the ancilla ions
is ~ 1/P, depending on the success probability P of the two-qubit entanglement scheme. Hence, the
average time required to perform a deterministic remote gate is ~ 7.,/ P.

This scheme can be extended to create a quantum repeater. Again, we consider a chain of ion traps
spanning the distance, D, over which the information needs to be sent. In each trap there are two ions,
one to generate a link between each of the adjacent nodes. For example, in the n*? node, photon-mediated
entanglement links one ion to the (n — 1) node, and the other ion links the (n + 1)*" node. A joint
Bell state measurement on the n*® node leaves the (n — 1)* node entangled with the (n + 1) node,
thereby increasing the distance between entangled nodes. The time required to generate entanglement over
adistance D = NL with N nodes is thus ty = (7y¢p/P)logy N.

Generation of Cluster States. These photon-meditated quantum networks provide a compelling pos-
sibility for operating a large—scale quantum computer. One universal quantum computation model is the
measurement based cluster state model, which uses a highly entangled state as an input resource [60,61].
This model requires an initial generation of a large—scale two-dimensional cluster state and individual
single qubit rotations and measurements.

The heralded gate operation discussed earlier (Eq. 21) is not unitary gate, which prevents its application
to the quantum circuit model. However, this gate can be used to generate cluster states because the input
qubits for constructing the cluster state are required to be a superposition state, and the gate will never give
a null result in this case [62].

A 2D square lattice cluster state can be prepared with probabilistic gates that succeed with probability
P [15]. Considering a (small) overall failure probability € for an n-qubit square lattice cluster state, the
required time Ty ster (7, P) to generate the state is

1\ lee4/P=3) 4fln (2n/€) — 1 1
<P> + —log, ([H(TZE)]) + 5l 2n/e)|, (38)

Tcluster(n7 P) = Trep P

where 7., is the operation time for a single attempted gate operation. From the above equation, the time
required to generate a cluster state is almost independent on the number of cluster nodes n. For example,
with € = 0.1 and a two-qubit gate success probability P = 0.1 and 7,., = 1 ps for the heralded gate
discussed above, we find that the time required for generating the cluster stare with n = 103 and n =
10° only differs by 0.05%. However, the temporal resource strongly depends on the success probability
P. With P = (.01, this protocols needs about 5900 years to generate a 2D square lattice cluster state
with n = 103 nodes, compared with a time of 0.16 second with P = 0.1. This shows how critical the
improvement of the heralded gate success probability is for constructing a large scale quantum network.
In this paper, we have described various protocols that rely on spontaneous emission processes and
single photon interference effects to generate atom—photon and atom—atom entanglement. Variant schemes,
such as generating infrared photonic qubits and collecting multi-ion emission, have also been studied. We
emphasize that currently the primary issue for realizing a scalable atom—photon quantum network is the
improvement of the probability of collecting spontaneous emitted photons from trapped ions. To realize
this goal, reflective optics and optical cavities are suggested for integration into trapped ion systems to
enhance the light collection efficiency. We expect that even a modest improvement to this efficiency can
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lead to a large improvement in the success probability of entangling two distant atomic qubits. Such
improvements also increase the feasibility of deterministic quantum gate operations between remote atomic
qubits, quantum repeater networks, and cluster state generation.
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