








FiGUurE B.0.3. Optical power of the BBO output vs modulation fre-
quency of the EOM. The free spectral range of the BBO cavity is a)
7266MHz/4 (ideal for the Mach-Zehnder setup), and b) 7272MHz/4
(when the cavity is too far detuned). The plots only show the middle
peak of the “W” curve that indicates the free spectral range of the
cavity.

When the free spectral range and the modulation frequency are the same, all sidebands
generated by the EOM are resonant with the cavity and the harmonic output has
maximum power. When the sidebands are slightly off resonant in the cavity, the
output decreases. In the limit where the modulation frequency is tuned beyond the
bandwidth of the EOM (& +25MHz), the sideband strength decreases and the optical
power returns to the carrier, resulting in efficient harmonic generation again. This
produces a “W” curve on a plot of UV power versus modulation frequency, with the
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middle peak in the W aligned on an integer multiple of the free spectral range of the
BBO cavity.
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APPENDIX C

Mixing of EOM Frequency Sidebands

The field modified by an electro-optic phase modulator (EOM) can be written in
terms of individual frequency components with Bessel functions as their coefficients.
For the purpose of understanding the mixing of these fields and their interactions with
the ion, this chapter will derive in detail the equations describing the fields using some
properties of Bessel functions.

An rf signal Vsin(w,,t) applied to an electro-optic phase modulator changes an

incident optical field Eycos(kz — wrt) to
(C.0.16) E, = Eycos (kx — wrt + ¢sin(wmt)),

where ¢ is the modulation index, which depends on the amplitude of modulation V.
The modulated field contains frequency sidebands equally spaced by w,,, and can also
be expressed as

E, . > ,
(0017) E, = ?Oez(kwwat) n;w Jn(qﬁ)em((&k)wfwmt) + ce.
where J,(4) is the n-th order Bessel function with modulation index ¢, and dk =
wm/c. The field amplitudes of the n-th sideband is thus J, ().
When the modulated field passes through a nonlinear medium, the x(? mixing

results in frequency sum generation,

Ey=xPEE, = X(Q)Egcos2 (kx — wit + ¢sin(wpt))
E2
= X(2)70 [1+ cos (2kx — 2wrt + 2¢sin(wpt))] -
This optical field is equivalent to modulating a harmonic field EZcos(2kz — 2wrt)/2
with frequency w,, and modulation index 2¢, or alternatively can be written as
E, = X(2)E_gei(2kw72th) i J (2¢)ein((6k)w7wmt) +ecc
2 4 n -G

When the fields along one arm of a Mach-Zehnder interferometer is delayed by
a distance Az with respect to the field in the other arm, the recombined field has
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intensity

2

{612¢sm((5km—wmt)e—z2¢sm(5k(m+Am)—wmt) ez2kAz 4 C.C.} .

(2) g2
[ =E\E, = ‘u

Using sine addition formula sin(z)—sin(y) = 2sin [(x — y)/2] cos [(x + y)/2], the above

equation can be simplified to

2) 72 |2
] = EAE* — ‘X( leO {ei4¢sin(5kAz/2)cos((5kac—wmt)ei?kAz + C.C.}
@p2° SkA
= % cos {4¢sin ( 5 x) cos(0kx — wpt) + ZkAx}

Again, this expression can be represented as a sum of frequency components with

Bessel functions as the amplitudes:

2 00
. A .
etkie E JIn <4¢sin <6k2 x)) ginOke—wmt) 4 ¢ ¢

n=-—oo

When the modulation frequency w,, = wj/2 is half of the AC Stark shifted qubit

frequency, only components of E4E7,; oscillating at frequency 2w,, = wj contribute to

1[x®@E?
I =E B =-|%2 =20
4 2‘ 4

the stimulated Raman transition. Therefore, the stimulated Raman transition rate
is proportional to J; (4¢sin(dkAx/2)). Note that the transition rate vanishes at the
zero crossings of Jy(b), including when the parameter b = 0 is zero. To maximize the
transition rate, the operand 4¢sin(6kAx/2) should be set to the maximum of J5(b).
For example, the first local maxima of Jy(b) is at b = 3.054, by setting kAz = 7 and
¢ = 0.764.
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APPENDIX D

Forced Harmonic Oscillators

In order to understand the spin-dependent force, we start by considering the
effects when a force is applied to a harmonic oscillator. In general, a forced harmonic
oscillator has a Hamiltonian of the form [72]

- 1
(D.0.18) H = hw(ada + 5) T [ (B)zod + f(t)mal,

where @ and a' are the annihilation and creation operators respectively, and zy =
\/W is the root mean square spatial spread of the ground state wavepacket.
The first term is the unperturbed Hamiltonian for the harmonic oscillator, and the
last two terms correspond to an external time-dependent force f(¢) applied to the
system. In the interaction picture

(D.0.19) H(t) = f*(t)zote ™t + f(t)zoale™.

Assuming f(t) = Fe "“=9t/2 (corresponding to a classical force f(t) = F sin[(w—4)t]
) is detuned from the resonant frequency w by a frequency § < w much smaller than

the trap frequency, then the interaction Hamiltonian can be rewritten as

%
Froy . i

N F )
(D.0.20) Hi(t) = —0gei0t 4 ~ 0 teidt,

The state after an interaction time ¢ is prescribed by the time-evolution operator

(D.0.21) U(t) = exp {—% (/Ot H(t)dt' + % /Ot at /Ot’ d"[Hi(¢'), Hi(¢")] + ) } _

If we consider only the first term in the exponent of the evolution operator and
substituting in the interaction Hamiltonian from Equation D.0.20, the resulting op-
erator is exactly the displacement operator

(D.0.22) D(a) = ¢ +era

?
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with « defined as

h 2

The displacement, operator translates motional states in position/momentum phase

i [P Fag 5
(D.0.23) alt) = —~ / 270 ot gyt
0

space without distortion. For example, a displacement on an initial ground state of
motion results in a coherent state |) = D(a)|0), where the final state is defined in

terms of number states as

(D.0.24) ) = ezl 3 2

In terms of x-p coordinates, a = (1/2x¢)(x + ip/Mw).

The remaining higher order terms in the time-evolution operator originate from
the non-commutative property of the interaction Hamiltonian at a given time with
itself at different times. This can be understood by considering the displacement
operators, which do not commute with one another but rather follow the commutation
rule D(a)D(B) = D(a + B)e!™5") | Therefore the complete time-evolution operator
can be constructed by integrating over infinitesimal displacements in time:

(D.0.25) U(t) = D D(a(t)),
with the geometric phase accumulated over the entire path from time 0 to ¢ expressed

(D.0.26) O(t) = Im( /0 a(t) da(t')).

For a near-resonant driving force with detuning 6 (Equation D.0.20), the initial mo-
tional state moves in a circular trajectory of radius F'/(2hd) with periodicity T = 27 /4§

in the rotating frame of harmonic motion, following the path (from Equation D.0.23)

(D.0.27) aft) = % (1— &)

In one period of evolution under this force, the motional state returns to its original

phase space coordinates, but acquires a geometric phase of

™ ‘F$0|2
D.0.28 Q)= ——
( ) T

equivalent to the area enclosed by the trajectory.
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APPENDIX E

Quantum Interference between Coherent States

The interference fringes of the Schrodinger’s cat state in our experiments usually
depend on the overlap of two separate coherent states. Here we include detailed
calculations for the setup in section 4.2 using some properties of coherent states.

Start with the wavefunction in eq 4.2.4

¥(t)) = ﬁe’q’m [Tos) le(t)) = \/56“’“’ o) [=a(t))

where a(t) = ap (1 — e®") with ap = 7€/(26), the probability of finding the ion in
the |]) state becomes

P() = (4] $(0)?
el¢s
‘ 5 Ul ) o) = = (o) [=a(0)

2

2

‘ 1 1

= |5 la(®) - 5 |-a(®)
= 1 {{a®) la(t) — (~a(t) la(t) — (a(t) [~a(0)) + (~a(t) |-a()}

Using the property

(E.0.29) (o |B) = ea*ﬁfé\alt%lﬂli
the result is eq 4.2.5:

1
(E.0.30) P) =3 {1 _ e—QIa(t)\2} .

For the thermal state, we first consider the displacement of each initial vibration
level |n) individually:

[¥n () = aty, (0) [Tgs) Dlar,, (1) ) + ay, (0) gs) D(—ar, (1)) |n) -
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where D(a) is the displacement operator that translates a coherent state in phase
space by a. The probability of finding the ion in the |]) state is

(.031) Pumal®) =3 115 (75 ) I oo
=1 a \"|1 . 1. ?
-3 117 (7h5) [sPe@ i —5pCam)m
Here we note that Df(—a) = D(a) and use the commutation rule for displacement
operators:
(E.0.32) D(B)D(a) = ™A D(a + B).

Equation E.0.31 becomes

Pthe'rmal(J/) = Z 1 _fl_ 7 (1 -7_;771,) [% - % <7’L| f)(2a(t)) |’I’L> — % (n| ﬁ(—?a(t)) \n)

n=0
The part of a wavefunction initially in |n) still remaining in the vibrational state |n)
after a displacement D(2a(t)) is (see ref [73])

(n| D(2a(t)) [n) = ™2 *OF L, (12a() )

where
- n Xm
L,(X)= -nHm —.
o= (2 )5
are the Laguerre polynomials. Summing over the Laguerre polynomials, we arrive
at eq 4.2.7:

1 1 s e 1 n \"

Piherma = — e 220l L,(|2c(t 2 .
merma(V) = 5 = Ze §1+ﬁ —r (12a(t)[)
_ ! (1 _ e%m%)\m\?)_

2

For calculating the decoherence of the interference signal due to background heat-
ing, we start with eq 4.2.9:

PRICETEY ei(@s—0+u2)

1Ps(T)) = 7 [ts) [, (T)) — 7 Los) |, (T)) .
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where 0, i1, po, aq,, (T') and ay, (T) are all dependent on the displacement 3. The

probability of measuring the state |]) at time 7" for a given displacement [ is:

Ps(1) = [(4 vs(t)))?

2

i(0+p1) i(—0+p2)
e e
= |, (T)) = ——— e, (1))

2 2

1 1., _
=5 = {1 (o, (T) oy, (T) +ce}

where

oy, (T) = ape'™ (1 — 7)) + B,

ay,, (T) = —aee™ (1 - ) + B,
and the overlap is

—2[a(T)|? g

(o, (T) ‘O‘Tm (T))=e e,
where a(T) = ape™ (1 — ") and ¢ = 2Im {aB* e’ (1 — e?T)}. The result is

1
Ps()) = 3 {1 — ezl g (20 4+ 1 — po + 90)} -

The dependences on 3 for the variables are

6 =1Im {agﬁe—M’M (1 _ e—z’&tl)} - —Im {aoﬁ*eid’M (1 _ eml)}.

T
/ [age™™M(1 — e7) + B*] [—idape'®™ e dt} ,

t1

/,lelm{

T
po = Im {/ [—age ™M (1 — e7™) + B*] [i6ape’ e dt} ,
i1

T
1 — o = —2Im {/ iéao,@*eid’Mei&tdt} ,

t
=-2Im {aoﬁ*ei¢M (ei‘sT — eml)} )
cos (20 + p1 — po + @) = cos (—4Im {apB e (7 — 1) })
= cos (—4Im {aoﬁ*eid’Mei‘sT (1 — e_i‘s(T_tl)) })
The random variable 5 has a Gaussian distribution uniform in phase with variance
0% = iT, and the variable ¢, is also random. Therefore by symmetry we can remove

the phase from the expression
*° 1 2
Pheating(1) = / dpe’’ 1?2 {1 — e 31220  co5 (4 |ay 5)}.

—0o0
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For an independent Gaussian random variable z with variance o2 , the expectation

value of a function cos(ax) is
(cos (az)) = e 2(0%0%),
So the contribution from decoherence due to heating is
(cos (20 + i — iz +p)) = e”0
and the probability due to heating is
Pheating(1) = 5 {1 = 73D =3 seoPir

Accounting for both temperature and heating effects,

_ L litiao = (At 1) 20
(E.0.33) P() =3 {1 e }
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APPENDIX F

Differential Stark Shift on Magnetic Field Insensitive States

In this appendix we will show that magnetic field insensitive states have no dif-
ferential Stark shift in the limit where the detuning from the excited state is much
larger than the hyperfine splitting, i.e. Agrp/A — 0. To find the field insensitive
states for a system in the S;/o ground state with some nuclear spin I, we write down

the Hamiltonian for the hyperfine interaction in the presence of a magnetic field B:
(F.0.34) H=p-B+Al-J=¢g;B-J+¢B-1+A1-7J,

where J is the total angular momentum of the electron, I is the nuclear spin,
and AI - J is the contact term. gr and gy are the Lande g-factors for the nucleus
and the electron. The eigenstates of the Hamiltonian are linear combinations of
the my states, and can be represented as |¥;) = a; |g;mJ =Lim=mp;— 1)+
b; ‘g;mJ = —3,m; =mp; + 3). The coefficients @ and b are functions of the mag-

netic field. If two states |¥;) and |¥s) are magnetic field insensitive, then

0
Applying Ehrenfest theorem,
(F.0.36)
oF; 1 1
o = st it =i |2t gnlmms = |+ 10 |+ grlme + )
Normalization of the eigenstates and solving F.0.35 gives the result|a;|> = |as|® +

grAmp/(g; — gr). Since the dipole moment of the electron dominates the dipole

moment of the nucleus, i.e. g;/g; ~ 1073, we can approximate it as

(F.0.37) 1017 = |by|? .
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Now consider the Stark shift for each of these magnetic field insensitive states.
The AC Stark shift is given by

_ (U;| E - d|e,mymp) {e,mymy| E - d|¥;)
(F.0.38) Xi= Yy A_B +E '
mgj,my

where |e;my, my) is the excited state with the corresponding z-component of the
electron and nuclear spins. Since the electric dipole only couples the orbital angular
momentum of the electron, ¥; only couples to the states with the same m;. So the
expression can be simplified to

(F.0.39)

. _1 . 2 ' _ . )
Xi=\ai|22|<g’m‘]_2|E dle,my)| +|bi|2z\<g,mj L E-dle,my)| |
my my

A—E +E; A—FE +E,

If the energy difference between the two states ¥y and W, is small compared to A,
and applying the results from equation F.0.37, then we find that xy; = x2. So we
conclude that the energy shift due to Stark effect is the same for any two magnetic
field insensitive states.
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APPENDIX G

Two-ion Interactions

For small oscillations, there are two normal modes defined by the center-of-mass
coordinate §; = (2, + 2)/v/2 and a “stretch” coordinate g, = (3, — 22)/v/2. The
Hamiltonian for the collective system now sums over both ions and both vibrational
modes:

Starting with the general Hamiltonian for two ions:

A hw . .
(G.0.40) H, = ;2 70—9 + V:Zm fiw,al
where the normal modes of oscillation are defined by the center-of-mass coordinate
41 = (21 + %)/V/2 and a “stretch” coordinate ¢, = (2, — %3)/v/2, with oscillation
frequency of each mode being w; and w, = V3w, respectively, and &}; and a, the
harmonic oscillator creation and annihilation operators for the normal modes v = 1, 2.

The interaction Hamiltonian for two ions becomes
(G.0.41) H=)" h? (U$>ei<Akfr<6w'>t+A¢n +a@ef%Akfl——ww')tmm)) _

1=1,2

In the interaction frame of the vibrational levels, eq G.0.41 becomes
(G.0.42)
ﬁ] _ Z hQrL (0‘_(;,:)61'[”1 (dle—iw1t+a’{eiw1t)in2(dze—iw2t+a’£eiw2t)j|e—i(((sw’)t—A(bi)) + h.c.
: 2
1=1,2
The Lamb-Dicke parameters are given by 7, = Ak,q;/ V2 and 1, = Agy / V2 =mn / V3,
representing the strength of coupling between the fields and each normal mode.

G.1. carrier transition

When the difference frequency of the optical sources is tuned to the free ion qubit
resonance 0w’ = 0 (compensating for possible differential Stark shifts, assumed to be
equal for the two ions), then

. a2y D, . N i ARy (D .

i=1,2n1 no
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where the Debye-Waller factor Dy, iy = Dpymy X Daymy = €0 B2L, (12) Ly, (73)
accounts for both modes. Assuming the Rabi frequencies are the same for both ions,

an initial state [11) evolve as

) = (cos (%5 ) 1) —ie sin () 1)
 (cos (%) ) = e s (551 ) o) ) e

Each ion oscillates between the qubit states independently at the same Rabi frequency
Dy, 0y, each with its own phase that depends on the phase of the fields at each
ion’s location Akz".

G.2. First sideband transitions

The dynamics of sideband transition for two ions is very different from that of
one ion because both ions are trying to change the same collective vibrational mode
simultaneously. The transition now couples [t1 n) to [T} n + 1) and |{1 n + 1), which
in turn are coupled to |}J n + 2) by the same driving fields. The Hamiltonian is

Z Z (77:/59 Dn1,n2 a-s_)&u (Akzo —A¢;) + h. C)

1= 12”1 ng

where D!, . = e (hFm)/2(n, )7ILL _ (n2)LL _;(n?) is the Debye-Waller factor for
the first sideband, with v/ # v the ’spectator’ mode of motion. The evolution follows

the set of equations:
ithTn =Vvn + 1QICL»Nn+1 + vn =+ 1Q'a¢¢n+1,

iharni1 = Vi + 1Q% a1 + Vo + 2Qap 0,
ZlhdiTn_H =vn-+ 1Ql*afﬁn+1 +vn+ 2Q1a¢¢n+2:
’L.hili\m_kg =vn+ QQI*GT\W.H +vn+ 2QI*CL¢TR+1,

where ) = nann 2. For an initial condition of ay,(0) = 1 and a4jp41(0) =

aytn+1(0) = @y yn42(0) = 0, the solution is [51]
1
- 27:1—:_ 3 [1 — cos ( 2(2n + 3)t)} )

arn(t) =

n+1 .
CL»NJH_l(t) = aﬂLTn‘Fl(t) = mSID ( 2(2n + 3)t) y
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n+4

— n+3
™M ——
n
44 ______ n#4
n+% n+%
n+ n+
IN) n+l |~M‘> n+l
n n
+4
n+3
W) —*4—

FIGURE G.2.1. Vibrational sideband transition with two ions. The red
sideband field shown above couples |11 n) to [T n+ 1) and |[{T n + 1),
which in turn are coupled to |/ n+2) by the same driving fields.

Therefore, the transition from [t1 n) to [JJ n + 2) is 1/2(2n + 3) times
faster than for a single ion to transfer from |1 n) to [{ n +1).

V(n+1)(n+2) [COS ( 2(2n + 3)75) — 1] .

nt2l(l) =
Ay yn+2(t) o+ 3

For n = 0 ground state of vibration, the ions transfer from |11 0) to || 2) in time
t = 7/, where Qg = /6180
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AC Stark shift, 46 sympathetic, 15

clock states, 143

two ions, 107, 115 Debye-Waller factor, 41
acousto-optic modulator, see modulator density matrix, 110
average vibrational number, 65 detection

CCD, 29, 120

BBO, 22, 56 error, 31, 36
Bell state, 109 fidelity, 32, 34
Bessel function, 53, 135 histogram, 35
branching ratio, 50, 51 qubit state, 20

two ions, 34, 36

cadmium displacement operator, 72, 137
neutral, 12 commutation rule, 138
camera, 29 Doppler cooling, 13
cavity, 130 effects of micromotion, 16
BBO, 132
detuning, 55, 64 electro-optic modulator, see modulator
stability parameter, 130 entanglement of formation, 124
Cirac-Zoller scheme, 71 evolution operator, 137
clock states, 19
AC Stark shift, 143 fidelity, 110, 120, 124
coherent, state, 138 forced harmonic oscillator, 137
interference, 77, 102, 139 free spectral range, 53
interference (thermal), 77 frequency doubler, 21, 130, 135
collision BBO, 22
background gas, 12 LBO, 21
computer interface, 31 frequency scan, 58
controlled-NOT gate, 2, 96
cooling geometric phase
Doppler, 13 definition, 138
effects of micromotion, 16 geometric phase gate, 98
Raman sideband, 65 GPIB, 58, 59
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Grover’s algorithm, 1

Hamiltonian
magnetic dipole, 39
steady state, 38, 39
harmonic oscillator, 127
forced, 137
two ions, 145
heating, 70, 77, 140
hyperfine interaction, 19, 143

imaging, 14, 29, 36
initialization, 19
interaction picture, 127
ion trap, 6
asymmetric quadrupole, 4
lifetime, 12
linear, 7
loading, 9
micromotion, 5
pseudo-potential, 5
secular motion, 5
isotope, 14, 18
energy shift, 14

LabView, 30, 57

Laguerre polynomial, 41, 129, 140

Lamb-Dicke Limit, 42

Lamb-Dicke parameter, 41, 42, 46, 47

Lande g-factors, 143
Langevin rate, 12
laser, 21
lock, 22
noise, 102
lasers, 56
Melles-Griot, 56
Nd:YAG, 21
Ti:Sapphire, 22, 26, 56
LBO, 21
linewidth
Cdt Py, 13
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Mach-Zehnder, 54, 59, 62
Mathieu equation, 5
matrices, 130
maximum likelihood estimation, 119
Maxwell-Boltzmann distribution, 65, 78
micromotion, 5
cancellation, 7
measurement, 16
microwave, 42
modulator
acousto-optic (AOM), 27
electro-optic (EOM), 29, 53, 135
Molmer-Sorensen gate, 74, 99, 101
fidelity, 110
motion, 40

negativity, 124
noise

laser, 102
noise-eater, 104
nuclear spin, 19

parity, 109
PCI card
counter, 31
pulse generator, 30
phase coherence, 95, 101
o4 force, 85
phase gate, 97
phase scan, 59
photoionization, 12
photomultiplier tube (PMT), 20
Polarization
Raman fields, 48
polarization
detection, 20
initialization, 20
pseudo-potential, 5
pulse sequence, 30

quantization axis, 49
qubit, 18, 37



detection, 20 0,90, 143

initialization, 19 spontaneous emission, 52
rotation, 40 large detuning, 52
rate, 13
Rabi oscillation, 39 sum frequency generation, 21, 53, 132
microwave, 44 switch
motion sensitive, 41 rf, 30
Raman transition, 62 sympathetic cooling, 15

temperature effects, 65
tellurium, 22

thermal distribution, 65, 78
thermal state

coherent state, 140
time scan, 58

Raman cooling, 65
Raman spectrum
AOQO scan, 61
EO scan, 60
Raman transition, 45
. time-evolution operator, 137
copropagating, 47
tomography, 118
trap axis, 6, 38, 49
TTL, 30

detuning, 46
non-copropagating, 47
sideband, 66, 74

two ions, 145 universal logic, 3

rf, 9

modulator signals, 56 vacuum, 7

resonator, 9 cadmium oven, 10
Rotating Wave Approximation (RWA), 39 electron gun, 10
rotation, 40, 114, 115, 117, 120 ion lifetime, 12

arbitrary, 40 vibration

coupling, 40

saturation intensity, 13, 21, 33 normal modes, 98, 145
saturation parameter, 13
scan

frequency, 58, 82, 83

phase, 59

time, 58, 84

Schrodinger’s cat, 74
second harmonic generation, 21, 53, 132
secular motion, 5
Shor’s algorithm, 1
sideband cooling, 65
spectrum, 58
AO scan, 107
spin-dependent force, 71
oy, 74, 99
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