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Phase transitions.
Standard (second order) phase transition:
as the temperature is varied, physical average cross a ardl point.

magnetisaion of mean-field
Ishg model




Quantum phase transitions.
Quantum phase transition occurs at zero temperature as some
other parameter is varied: pressure, magnetic eld...

At T =0 transition from the ordered phase to the disordered is
driven purely by quantum-mechanical uctuations.

At T =0 we consider the ground state of a many body
Hamiltonian.

Relate behaviour of correlations at critical point toentanglement
In the ground state.




Transverse eld Ising model.
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ground stae moment.

guantum citical point




Correlation length.

Correlation functions,
C (i;j)=h M )i O 0
decay as a function of the separation |].
Away from critical point: exponential function of separaton.
At critical point: polynomial function of separation.

De ne correlation length:

Near QPT: | g 0




QPT and entanglement?

What is the relationship between QPT, correlation length ad
ground state entanglement ?

O'Connor and Wootters '00

Arnesen, Bose and Vedral '01

Gunlycke, Bose, Kendon and Vedral '01
Wang '01; Wang and Zanardi '02

Osborne and Nielsen '02

Osterloh et al. '02

G. Vidal, J. I. Latorre, E. Rico, A. Kitaev '02
F. Verstraete, M. Popp, J.l. Cirac '03
Somma et al.'04




Ground state entanglement.

Osterloh, Amico, Falci, and Fazio, (2002).
Osborne and Nielsen, (2002)

Concurrence for two spins at site andj; C(i;j )= C(Ui  |j)

2 |Ostetoh et al
Nature 2002
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Ground state entanglement.

G. Vidal,et al. quant-ph/0211074

reduced entropy of half of an in nite chain near critical pont,

Sn=2 loxkjl g=gj




QPT and QC.

Ny (e
Z Z

n=1

H= O %
n=1

Unitary evolution for transverse eld Ising (unit time):

For time t = n:




QPT and QC.

QC can implement

):
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QPT and QC.

U(; )n6 e inH inH

Iterated quantum map rather than Hamiltonian ow.
But does this exhibit a quantum phase transition ?

Similar situation in quantum chaos.
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Qubits.

Qubit states are electronic states of ions (typically metaable).

lg>=(0>

E ective two-photon Rabi frequency = | 5=




Single ion theory:.

for the 1'th 1on.

h h ) i
H, (t) = i (1) €A Tt pe | _:laser frequency.

«(t) = jgiheje " At + jeihgje" A | o atomic transition
q(t)= (ae't + a¥et) . trap freq.
In the Lamb-Dicke regime.:

:k|_ << 1

expand €ka® =1 + k@ (t) + :::




Measurement of atomic states.

Fluorescent shelving technique.

Liebfried et al. 2003

Projective measurement of atomic state: e ciency> 99%




Creating cat states.
Coherent Raman scheme couples elect. and vibr. states.
(Monroe et al. Science, 1996).

Linear potential seen by atom depends on internal state.

if ground stde if excited siate

E ective Hamiltonian

Fo,om?.,
H= 2+ — 22+ (DR

z = Jelhe | gihg)




Creating cat states.
Phase space displacements:

I p

> —f +—1:
‘\ wait quarter peiiod
A\

% :gound stae

: displaced gound state

j0i(jogi +jel) ') ijgi + |

A cat state




How to measure?

Add a second displacement:

PG iigi+j  jei)! pl—z(Je"zuglﬂ e '“Zje)

P
L
\_/ _/ x




How to measure?

Single qubit rotation on atom:

| %(jei:2i+j e izzi)jgi+%(jei:2ij e 'F?)je

Then readout atomic state:
1 .
P(g) = §(1+ e 2 "1 s )ycos( Zsin )

1 2 .
P(e) = Q(l e 2 (1 s )ycos( ?sin )




How to measure?

Liebfried, et al. 2003




Multiple 1ons.

Blatt group, Innsbruck.




Geometric phase gate.

pulse sequence eliminates vibrational motion.

Sorenson, Molmer, (1999,2000)
GJM, James and Schneider 2000:
Lienfreid et al. 2003,
Garca-Ripoll,Zoller, and Cirac, 2003
Duan, 2004.

Key: use conditional displacements in phase space.
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Geometric phase gate.

Arbitrary conditional displacement in phase space via
Raman pulses:

HO = ih( ;@ ,a) {
a=X+iP

Objective: simple entangling Hamiltonian, "Ising'.

Hw=h O @

éoPXe oPe=X+
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Geometric phase gate.

Use pulse sequence:

: 1 (2) ' (1) ' (2)

1) @
z' z

= e |

X p-
No reference to vibrational degrees of freedom !
E ective Ising interaction.

This Is a universal two qubit gate.
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Geometric phase gate.

1 e

05|09 11511 05 ¥ n1¥10%
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Experiment.

Liebfried et al. Nature, 422 412 (2003).

Target state:
j00 111
Achieved with delity F =0:97 0:02

Dominant source of decoherence is laser intensity
uctuations.
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A quantum phase transition .

Ny (e
Z Z

n=1

H= O %
n=1

Unitary evolution for unit time: U=¢e M H
We can implement
eH = giH g g i(H +H)

But does this exhibit a guantum phase transition ?...YES.

26



A quantum phase transition .

Use a Jordan-Wigner transformation on each unitary
operator separately.

Step 1: de nea,,

where
fa),a,g=1;
[af;an] =0; [ay;a)]=0; [am;an]=0;m 6 n
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A quantum phase transition .

Step 2.
. P,
g ntala a,
. I:)n 1

C% — axel o &'y

which obey fermionic anti-commutation relations.
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A quantum phase transition .

Step 3: Fourier transform the fermion operators,

Ch

o

(Cn+1 = C1).
Satisfy fermion anti-commutation relations:

fC;Clg = «
ka;C|g — fCﬁ/;C?/g:O
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A quantum phase transition .

De ne

(2coskC)Cy isink(CJCY, + CcC \))
(2CiCk 1)

o= U )
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A quantum phase transition .

De ne a faithfull rep. of SU(2)
1) = (CICY+ CC W)
2} = ( G+ CC )
= o+

~

(COSk + "f"'k) §k = K"k,

(sink;0;cosk) 7« = (0;0;1).
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A quantum phase transition .

Uk(, e | ~ kI"ke i kX = e iCOSke i k~k(; )Z“k

(sin kcos sin; sinksin sin;

(sin cos +coskcos sin ))
9051 «
5 E

K K

cos? 5 cos( + )+sin? 5 cos(
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A quantum phase transition .

P
U(; )= «Uk(; ):e'  kk(5 )i

E ective Hamiltonian:
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A quantum phase transition .

H= 1+ 2+ 3

X (a1 & 1)

cos sin [aO(CXCynﬂ CnCn+1) + > (

CKCynH CnCn+1)]

n;l
X X (a a
isin sin . [ao(@ L, + Gy )+ A _a 1)
n;l |

X X
sin cos  [a(chch+1 GG, )]+cos sin [ao(ChCrsr CaChip)

I n;l
R CT )
2

(ChChet * CaCns1)]

(ichsr  CnCL )l

This has e ective non-nearest neighbour interactions.
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A quantum phase transition .

DoesH this fall into the same universality class as the
transverse eld Ising in thermodynamic limit?

YES !

can show,
a ke'! 0 asl!1

where =In(sin sin ).
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A quantum phase transition .

Ising criticality occurs for =

Eigenvalues ofU( ; ) lie on the unit circle.
Look at second derivatives of the phase (quasi-energy).

Singularities at Ising criticality points as N becomes large.

A many-body unitary map with a quantum phase
transition, implemented on an ion trap QC.
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Ground state energy.

= arctan( = )

Consider quasi-energy nearest to ground state:
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Energy gap.

— El Eo

Numerical study indicates:
/]

Same as transverse Ising.
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What to measure ?

Use a phase nding algorithm.

Sample population dynamics:

Pi(n) = jhijunj ij°

wherejii Is a particular quasi energy eigenstate.

Take Fourier transform! spectrum.

Problem: exponentially ine cient !
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Simpler models: Jahn-Teller systems

Hines, Dawson, Mckenzie, GIJM, quant-ph/
Qubit-oscillator:

L
H = «+ p=——=(a+ @) ,+ !la’a
2m!

Consider bi rcations in equivalent classical model:

P

I 2
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Simpler models: Jahn-Teller systems
Fixed points of E

Ly= 1 L,=Ly=q9q=p=0

for L2> |2, stable xed points,
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Ground state entanglement.

42



Ground state entanglement.
Fixed point $ ground state.

a
— |_2:| 2

Semiclasssical bifurcation at = 1.
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Jahn-TellelE

= | (a¥a+ b'b) + ?Ié—zh(a+ a) +(b+ b))

one qubit coupled to two oscillators.
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Jahn-TellelE

adiabatic potential

45



Jahn-TellelE

Ansatz for ground state in polar cordinates:

r; jEoi = pl—ée 5= (AL (o dj# A () )jti)

e q_L - q_L
A =e cosh o e sinh o
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Jahn-TellelE

Reduced state of qubit

_1
%|C(L 1)
2

C(Let) = 41+ &7

a7



Jahn-TellelE
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Two oscillators + one qubit.

/

Hensinger, Monroe, Schwab.
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Conclusion.

Entanglement provides insight into QPT
Need better measures of multiparticle entanglement

Simulate on QC as iterated map

Small scale simulation on an ion trap QC

Search for other iterated maps with guantum phase
transitions.
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